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Abstract--Control theory gives very few examples of control
systems for which the closed-form solution to the Linear-
Quadratic (LQ) optimization problem exists. This paper
describes two such systems of 2nd and 4th order concerning
magnetic bearings and gives the closed-form solutions to the
LQ-problems. The controller obtained provides the LQ-
optimal bearing forces and minimizes copper losses in coils.
The closed-loop system has a variable structure. Stability of
the system is analyzed by using the Van der Pol method.
Theoretical results are verified by smulations and
experiments. The problems of controller simplification are

also discussed.

|I. INTRODUCTION

Due to their having no mechanical contact and requiring
no lubrication, Active Magnetic Bearings (AMBS) are often
used for suspending high speed rotors subjected to

gyroscopic and disturbance forces. The stable suspension of
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the rotor is provided by magnetic attractive forces exerted
by controlled electromagnets. Physical limitations imposed
on bearing forces, currents and voltages lead quite naturally
to the formulation of a control strategy as an optimization
problem where the goal is to minimize values of control
variables. However, AMBs must also provide a specified
accuracy in the rotor positioning, with higher positioning
accuracies requiring greater values of control variables. The
optimal compromise can be obtained by minimizing a
perfomance index which would include both of the above
requirements. Control theory offers a great number of
perfomance indices and methods of optimization. As it
follows from practical applications, one of the most suitable
approaches for AMB control seems to be that of Linear-
Quadratic (LQ) optimal control [1] — [3]. We shall use the
following interpretation of this method. Consider a system
modeled by a controllable and observable state-space

description

X(t) = Ax(t) + Bu(t)

4(t) = C x(t) @

where X(t) is the ng-vector of state variables, q(t) the m-

vector of output variables, u(t) the mrvector of input

variables, and A,B,C are all constant matrices of appropriate
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dimensions. It is required to find the control u=u’ which
brings the system (1) from an arbitrary initial state to the
zero state while minimizing the quadratic integral

perfomance index
[[a" @ a0 +puT O uw Jat @
0

where pis a positive weighting scalar. As evident from (2),
we consider the case where al the output variables are
weighted equally, as are the input variables. The optimal
control is known to be given by a linear transformation of

the state vector
ul(t) =-p BT Px(t) 3

where theng¢ X ng  Symmetric matrix P is the only positive

definite solution to the algebraic matrix Riccati equation
C'C+ATP+PA-p'PBB"P=0 (4

It should be mentioned that x(t), q(t) and u(t) can also be
taken as complex vectors, with a complex system matrix A
and a Hermitian Riccati matrix P, and with the “T’
denoting the conjugate transposition. The complex variable
notation is often used in dynamic analysis and control of
rotational systems (see, for example, [4], [5], and references
therein). Since the order of a system treated in the complex

state-space approach is half of that in the real approach, the

optimal controller design is far simpler and more
comprehensive.
The main difficulty of the task lies in the solution of

Riccati Eq.(4) which represents a set of ng(ngs +1)/2

non-linear algebraic equations. Control theory gives very
few examples of control systems for which the analytical
solution to this Riccati equation exists. Therefore, the
optimal AMB control design is usualy based either on a
numerical solution of (4) or, most often, on the pole
placement method [6] combined with use of the asymptotic

properties of the optimal closed-loop poles for o —» 0 and

p -, [3.

The principa theme of this paper is to show that there are
at least two kinds of controller design problems regarding
AMBs for which there exist an analytical solution to the
Riccati equation and, therefore, closed-form solutions to the
L Q-optimization problem.

One of the problems considered is that of designing a
typical linear One-Degree-Of-Freedom (1-DOF, or second-
order) current control system. The LQ-design for this
system is well-studied for the limiting cases o — o
(“expensive’ control) and o - 0 (“cheap” control), [6]. In
this paper the LQ-problem is solved for an arbitrary value
of p. For convenience of designers, parameter o is
expressed in terms of the undamped natural frequency of
the closed-loop system to provide a more physicaly
intuitive interpretation.

The other design problem considered is that of designing

a common 5-DOF voltage control system for suspending a



rigid gyroscopic rotor which has linear mechanical and non-
linear electromagnetic subsystems. The mechanical
subsystem consists of three 1-DOF (or second-order)
systems which describe trangational motions of the rotor,
and one 2-DOF (or fourth-order) gyroscopic system which
describes rotational motions of the rotor. In this paper the
LQ-optimal control forces and moments are found. It
should be noted that in the case of the 2-DOF system a
fourth-order real (or a second-order complex) Riccati
equation is anaytically solved.

The optimal control currents and voltages are determined
from the electromagnetic subsystem in such a way that they
produce the optimal forces and moments and, at the same
time, minimize copper losses in the coils. Such an approach
leads to the switching drive control or the so-called external
linearization [6]. Because of errors in tracking the control
currents, the problem of stability of the closed-loop system
arises. In this paper the problem is treated theoretically by
using the Van der Pol method, and by simulations and
experiments.

The other problem discussed in the paper is the
simplification of the controller obtained. This controller is
switching, multi-coupled and speed-dependent, i.e.
relatively complicated; controller simplification might be
considered advisable. However, it is shown that there are
applications where simplifying the controller leads to a

significant deterioration of the system perfomance.

II. ONE--DOF AMB SYSTEM

The model of the system is shown in Fig.1. The system
incorporates a ferromagnetic body of mass m and two
counteracting electromagnets with coil currents i; and i, .
The body can move only in the y-direction. The godl is to
stabilize the body at the operating point given by the bias
currents i,=i,=ig and the reference position y=0 at which
both the air gaps have the nominal value & Forming the
currents as i,=ig+i, i,=ig-i, where i is the control current,
and linearizing the force-current relation, yield the

following well-known linear model of the system [6], [7]:

I'ny—ny:Cii ©)

where ¢, is the position “negative” tiffness, and ¢ the

current stiffness of the system. Note that since the plant
poles are s, =+k, s, =-k, where k= c,/m , the

open-loop system (5) is evidently unstable. Applying to
system (5) the LQ-design procedure (1)-(4) yields the
optima Proportional-Derivative (PD) control law (see also

the Appendix A and [8])

i° =—(01Y*+9,Y) (6)

where the feedback gains are given by

g, = Mk[1+(1+1/ pk*)?] /¢,

9, =V2mk [1+@+1/ gkHY21M2 /e (7)



In order to avoid using the weighting parameter pin
(7), we reduce the characteristic polynomial of the optimal
closed-loop system (5) and (6),
#(9) =S +(g,6/Ms+(gG/mM-k?, to  the  form
P(s) = s% +2{wys+wi , where ay is the desired value of

the undamped natural frequency of the system, and ¢, the

relative damping. Equating these polynomias, we have
p=U(wy -k*), a2 k, {=4y20+k?/af) /2, and

finaly

g, =m@g +k) /¢, g, =my2wf+k?) /¢ (8)

Thus, (6) and (8) are the solution to the LQ-design
problem for 1-DOF AMB system (5). It contains the
varying parameter ay (instead of p); wo has a more clear
physical sense. The analysis of the dynamic properties of
the optimal closed-loop system (5), (6) and (8) is beyond
the scope of this paper. Note that the limitating cases
p -0 (“cheap” control) and p - o (“expensive”’

control) are analyzed in [6].

I1l. FIvE-DOF AMB SYSTEM

As shown in Fig. 2, arigid gyroscopic rotor of mass M
,with equatorial and axial principal moments of inertia J;
and J; respectively, spins at the constant rotational speed w

in two radial and one axial AMBs. We shall determine the

position of the rotor-attached frame Cé&nd with respect to
the fixed frame Oxyz by the Cartesian coordinates XY,z of
the origin (center of mass) C and by the angles of tilting ¢,
and ¢, about x and y axis, respectively. The vector g=(q, ...
, 05) = (X Yo Zo» $ @) denotes the output variables of the
suspension system.

Let the AMBs contain ten electromagnets having the
currents i=(iy, ... , iy)'; input voltages v=(v,..., Vio)";
resistances r, and inductances L= L«(Q); s,n=1, ..., 10. We
introduce the vector of the generalized magnetic forces
F=(F, ... , Fs)" and the vector of the bearing magnetic
forces (or reactions) Q=(Qy, ... , Qs)" applied at the journal
centres O; and O,, as shown in Fig. 2. The forces Q; and Q3
act in the x-direction, Q, and Q, act in the y-direction (they
are not shown in Fig. 2), and Qs acts in the z-direction. The
relation between F and Q is given in the Appendix B.

We write the Lagrange-Maxwell dynamic equations in

theform

MX.=F, My.=F, MZ =F; (9)

Jify + Iz, =F,, 3P, —Js0p, =Fs (10)

10 : 10 5
di g . . .
2 Lo g 2 2 i s = Vs,
n=1 n=1 j=1 “Hj
s=1..,10 (11)

Note that (9) describes the trandational motions of the

rotor, and that (10), which is coupled by the gyroscopic



terms, describes the tilting motions. Equation (11)
represents the balance of EMFs and voltages.

The control goal is to stabilize the rotor at the reference
position g=0 so that minimization of the perfomance index
(2) (where u now denotes the magnetic forces F) and the
copper losses in the AMB coils is provided. Decomposing
the suspension system (9)-(11) into the mechanical
subsystem (9), (10) and the electromagnetic subsystem
(11), we shall solve the control problem in two stages. First,
we shall find the optimal control forces F;=F°, F,=F,,
Fs=F’ and the optimal control moments F,=F,° and
Fs=Fs" which minimize the perfomance index (2). Second,
we shall determine the optimal control currents i=i® and
voltages v=\" which produce the optimal forces and
moments F° and, at the same time, minimize the copper
losses in the coils.

There are four control systems at the first stage: three 1-
DOF systems (9) and one 2-DOF system (10). By applying
the LQ-design procedure (1)-(4) to each of the systems (9),

one easily determines that the optimal control forces are

given by F’=-M(wfq; +2¢w,d;), j=123, where

ay=p *is the desired undamped natural frequency of the

tranglational motions, and c:\/E/ 2 isthe optimal relative
damping.

Applying now the LQ-design procedure (1)-(4) to the 2-
DOF system (10), one can verify that the fourth-order real
(or the second-order complex) Riccati Eq. (4) has an
analytical solution (see the Appendix C). Using this

property of the system (10), we can formulate a closed-form

solution of the LQ-design problem. The optimal control

moments are given by

FP==J1(kidy + Koy + ks y)
Fe =-Jy(ko, +kofp, —ksfy)

(12)
where kq, k> and ks are, respectively, the optimal stiffness,
damping and radial correcting factors of the tilting motions

of the rotor. These factors are given by

k, =4/h*/16+Q8 -h? /4,
Ky =/2K; , (13)
ks =hyfk, /2

Here h=aly/J; is the gyroscopic parameter, and Qo=p
is the desired undamped natural frequency of tilting
motions (about x and y axes) for the non-spinning rotor (i.e.
with wand h equal to zero). The variation of ki, k, and ks
with the rotationa speed wis shown in Fig.3. As & —
the stiffness and damping factors k; and k, approach to zero,

and the radial correcting factor k; becomes equal to k; (0) ,

or Q2. It is evident, then, that the optimal feedback gains

are not constant; they vary with the rotational speed win
accordance with (13). Note that an optimal speed-dependent
controller for AMB is discussed by several authors (for
example[6], [9]), but all of them use numerical approaches.

Let us consider now the second stage of the control
design problem. The god is to find the currents i=i® and

voltages v=\° which produce the optimal generalized forces



F=F° or the optimal bearing forces Q=Q° related to F° by
the linear transformation (see the Appendix B) and, at the
same time, minimize the copper losses in the coils. For
example, consider use of the actuator shown in Fig.4 to
realize bearing force Q,°. Let the inductances be given by

Ly =k /(0 =KpXy), Lip =0, Ly =Kk /(O +KpX), where

X1=X:+2 @, is the coordinate of the journal center Oy, and k.
and k, are the structure parameters of a radial AMB [5]

(kp =0.924 for an eight-pole radia AMB). Accordingly
the bearing force is
Q =[(5-k,x) 2i2 ~ (3 +kyx) ZiZ]k k, /2. Optimal
currents i,° and i, must produce the force Q=Q,°. To

obtain a unique solution, we introduce the additional

relation,
f|iz) +i2(t) |= min, (14)

which minimizes copper losses in the coils. The solution is

given by

iy =(3-Kyx)yJ2Q7 [k k, , i3=0 forQ =0

i2=0, i§:(5+kpx1)‘/2‘Q1°‘/k,_kp for QY <0

(15)

The physical sense of algorithm (15) is obvious :
depending on the sign of the force Q,°, it is only the first or
only the second electromagnet that operates. Note that such

adriving mode is known as the external linearization [6].

The voltages v=\°" which induce the optimal currents i=i°

may be found from (11) by designing ten current tracking
systems to reduce the tracking errors Aig =i -ig to zero.
For example, the equation in terms of current i, can be

written, using the assumption |kpx1(t)| <<0,as
di; S
L(3F+C\,xl|1+r|l =V (16)

where Ly =k /9, C,=Lyk,/d. Consider the control

law given by
Ve = AGL —iy ) +(Cy % +1)iy (17)

where A is a positive constant. Substituting (17) into (16)
yields the differential equation of the closed-loop tracking

system
diy . _.g
T—+i, =i 18
i (18)

where 7 =Ly /A isthe time constant of the system. Thus,

the optimal controller obtained due to (15) has a variable

structure.

IV. ANALYSISOF STABILITY

For simplicity, we analyze stability of the 1-DOF closed-
loop system with controlled coordinate x; and the actuator
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shown in Fig.4. Assuming that | KpXqy(t) | << and taking

(15) and (18) into account, the dynamic equations become

My =Qy(ig,i5) (19)
Qulis,iz) = (i —i5)k k, /267 (20)
di, . . di, . .
rd—t1+|l:|l°, rd—t2+|2:|g (21)

i?=0,2Q0 Ik k,, i3=0 forQ’=20

(22)
i2=0, igzd‘IZ‘Qlo‘/kLkp forQ° <0

where m=(J; +Mz3)/1? is the suspended mass. Thisis a

variable structure system.

We solve the problem of equilibrium state stability of the
system (19)-(23) by finding conditions at which periodic
motions may occur in the system. Applying the Van der Pol

method, we rewrite (19) in the form

X1""‘);)(1 =¢(iy,iz, %) (24)

where ¢} is the unknown freguency of the periodic motion,
and function iyi,%) =[Qi i)/ +afx is assumed to be

small. The solution of (24) is presented in the form

X (t) =acoswpt+bsinwyt, where a and b are the

unknown slowly varying functions of time which satisfy the

equations

]
da 1 .. .
a = _ET‘('J‘I//(HJZ,X]_)S” wpt dt

) (25)
db 1 ..
rm —Eiwol,b,xl)coswpt dt

and where @ =277 is the period of the motion. To solve
Egs.(25), we successively determine the force Q,%(t) from
(23), the currents i,°(t) and i(t) from (22), and the actual
currents i4(t) and i,(t) by integrating (21); finaly, we
substitute the expressions iy (t) and i,(t) into (20). Note that,
as shown in Fig. 5, the periodic motions may be represented
by the elliptic trgjectory in the phase plane x;,%;. The
straight line X; = —(w, / 2{)%; is the switching line of the
electromagnets. At point 1 (=0, 4 26 ..) the first
electromagnet is switched off and the second electromagnet
is switched on; and at point 2 (t=62, 362, ...), vice versa.

After all conversions we obtain

dA/ dt = p(w,) (T -2¢ | ay,) , where A= (a® +b%)Y? is
the amplitude of the periodic motion, and y/(ay) is a positive
function of «} . The system considered will be stable if

dA/dt<0, and unstable if dA/dt>0 . The stability condition is

therefore

T<2{/w, (26)



Note that the system instability results from the phase lag
of the actual force Qq(t), and that 7is equal to the time of

the system transition from point 2 into point 3 (Fig. 5).

V. NUMERICAL AND EXPERIMENTAL RESULTS

To illustrate the validity of the stability condition a
cryogenic turboexpander [7] is used here as an example.
We have the following parameters: m=2.3 kg, 8=0.3 mm,
k;=0.924, k=11.5110° Hm. Numerical simulation has been
conducted by integrating (19)-(23) with selection of
wpy=500rad/s (80 Hz) and ¢=0.707 for different time
constants 7 of the current tracking system. In accordance
with the theoretical result, the system is unstable for 7>7"/
where 7'=2¢ /a,=2.8 ms. Responses of the system to a step
of 0.1Jin the displacement x, are shown in Fig. 6. It can be
seen that the system is stable for 7<7”/(curve 1) but unstable
for r>7"(curve 3), and that it possesses periodic motion for
r=1" (curve 2). This numerical result is predicted by the
theoretical one.

Figure 7 presents a comparison of the experimental and
theoretical diagrams of the system stability in the plane
{, ap for 7=1.1 ms. The experimental curve deviates from
the theoretical straight line due to the influence of the time
congtant of the differentiator (0.2 ms) that is used to obtain

the velocity X;, but which is not taken into account in

Sec.|V. Therefore, we can say that the theoretical results are

qualitatively verified experimentally.

VI. CONTROLLER SIMPLIFICATION

Generaly speaking, the control system obtained is not
very smple to implement because the controller used is
switching, multi-coupled, and dependent on the rotational
speed @ Since there is a practical interest in simplification
of the controller, let us discuss this problem.

First of al, the simplification may be achieved by using a
linear (not switching) controller. A linear control is based
on alinearized model of a system. Since a magnetic forceis
a parabolic function of current, the linearization is
impossible at the point with zero current. We must,
therefore, introduce bias currents resulting in additional
copper losses. Therefore, a linear controller does not
minimize copper lossesin coils.

The simplification may be also achieved by dividing the
large system into subsystems with a local control of each
subsystem. Such an approach is called decentralized control
and has been discussed by several authors. Schweitzer [6],
starting from the fact that the gyroscopic coupling does not
destabilize the system, proposes to use a decoupled
controller designed for the non-rotating case and claims that
the deterioration in perfomance is almost negligible in
many cases. Some different results have been obtained in
[10]. Figure 8, taken from [10], shows the unbalance
responses of the radial AMB with a 1 um eccentricity of the
center of mass of the gyroscopic rotor for the flywheel
energy storage system prototype. The nominal rotational
speed is 12000 r.p.m. It is easily seen that the centralized

controller provides significantly smaller control voltages



than the decentralized one (control forces and currents are
approximately proportional to voltages). It follows that the
most simple decentralized controller can not provide good

perfomancein all cases.

VIlI. CONCLUSION

The paper presents the closed-form solution to the LQ-
design problem for two AMB control systems. The result
seems to be useful for both high speed AMB applications
and pedagogical aims. The minimization of copper lossesin
coils has yielded a control system with a variable structure.
The analysis of stability of the system has resulted in a
simple relationship between a natural frequency, damping
factor and time constant of the current tracking system.
There is a good correlation between analytical, numerical
and experimenta results. It has been also established that
the simplification of the controller by its decentralization
may result in a significant deterioration of the system

perfomance.
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APPENDIX

A. We reduce (5) to the canonical form (1) and write
matrix P asfollows:
x=(yy)", a=y, u=ic/m C=(10),
el o) o) o<l 2
Matrix Riccati EQ. (4) yields the set of equations
p; —2pk*p, - p=0, P =2p P,
p, = P,ps/ p—k?ps, having the evident analytical
solution p, :\/Epk[1+(1+1/pk4)”2]l/2,

b, = PKZ[L+ @+l pk)M2,

b =v2pk3(+1/ p k4)1’2[1+ A+1/p k“)”Z]l’2 :

B. Vectors F and Q are correlated by the linear

transformation

1 0 1 o0 O
60 1 0 1 O
F=2Q, Z={0 0 0 0 1
0 -z 0 -z, O
| Z z, 0]

C. Considering the 2-DOF system, we rewrite Egs.(10) in

the complex form

$-ihg=u



where g =@, +j@,, U=F, /3y +Fs/dy, h=aly/dy,

j:\/—_l. Using the complex state-space approach, we

have

x=(¢9)", q=¢ B= (0", C=(10),
SRR
0 jh P> P3 -ps O

The second-order complex matrix Riccati Eq.(4)

embodies four scalar equations

p;+pi-p=0
P2P3—p P thop, =0
= P3Py +hop, =0
p§—2p p, =0

having the analytical solution

= pithp,  p=—2y Pl p==p
Py p2h3 4 4 7) ph2 4 P f Pa

_ p4h8 p3h4 1/2 p2h4 12
Py = + -
64 4 8

The same result can be obtained by using the rea state-

space approach. In this case we write

X:(¢x'¢x1¢y’¢y)T’ q:(¢x’¢y)T’
u=(F,/3,,Fs/3;)"

(01 0 O 00
0 0 0 -h 10
A: yB: L
0 00 1 00
0ho O 01
1 0 00
C=

0010

Ty Wy T3 Ty

P:7T27T57567T7

T3 7eg Tg Ty

Ty Ty M9 Ty

The fourth-order real matrix Riccati Eq.(4) embodies ten
scalar equations (for brevity, they are omitted). One can
verify that because of the symmetries of the model (10) the
following Six relations take place:
Ty =n; =0,my =7g, M, =My, My = —Ng, M5 =My (these
relations can be obtained, for example, by expanding the
functions mg(h),s=1...10, into a power series). For this
reason, the Riccati Eq.(4) actualy only embodies the four
scalar equations obtained above (where p=74, p.=7s,

Ps= 78, Ps= 75). The advantages of the complex state-space

approach are evident.
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FIGURE CAPTIONS

For the paper No. 96-032 by Yuri N. Zhuravlyov “On

LQ-control of magnetic bearing”

Fig. 1. Model of 1-DOF magnetic bearing system.

Fig. 2. Model of rigid gyroscopic rotor-magnetic bearing
system.

Fig. 3. Variation of optimal stiffness (k;), damping (k)
and radia correcting (ks) factors with rotational speed.

Fig. 4. Radial bearing actuator generating force Q;.

Fig. 5. Periodic motion trgjectory in the phase plane.

Fig. 6. Step responses of suspension system:
(1) =14 ms, (2) =2.8ms, (3) =5.6 ms.

Fig. 7. Theoretical (1) and experimenta (2) stability
boundariesfor 7=1.1 ms.

Fig. 8. Unbalance responses: (1) centralized control, (2)

decentralized control.
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